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Abstract
Let  and  be ﬁnite groups. We give a sufﬁcient condition to prove that every Cayley graph of 
is isomorphic to a Cayley graph of . As an application of this result, it is proved that every Cayley
graph of a certain group of order 12 is isomorphic to a Cayley graph of the dihedral group of order
12. Analogously, it is proved that every Cayley graph of a cyclic group of order 2k is isomorphic to a
Cayley graph of the dihedral group Dk , and the converse holds if and only if k ∈ {2, 3, 5}. For Cayley
digraphs it is proved that every Cayley digraph of Z2k , generated with H ⊆ {2}k−1=1 , is isomorphic
to a Cayley digraph in Dk .
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1. Introduction
If H is a subset of a group , we deﬁne H−1 = {h−1 : h ∈ H } and [H ] = H ∪ H−1.
The number of elements of a set A is denoted |A|.
Deﬁnition 1.1. Let  be a ﬁnite group, and H a subset of  not containing the identity
element e. We deﬁne the Cayley graph X = (H) of  with respect to H by V (X) =
, E(X) = {{x, y} : x−1y ∈ [H ]}.
Deﬁnition 1.2. Let  be a ﬁnite group, and H a subset of  not containing the identity
element e. We deﬁne the Cayley digraph Y = [H ] of  with respect to H by V (Y ) =
, E(Y ) = {(x, y) : x−1y ∈ H }.
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Basic references are [5] for group theory and [2] for graph theory. Compare our deﬁnition
of Cayley graph with the deﬁnition in [2, p. 106]. Note that the graphs considered in this
paper are simple and without loops.
Let G and H be (di)graphs. We use G ∪ H to denote the (di)graph with V (G ∪ H) =
V (G)∪ V (H) and E(G∪H)=E(G)∪E(H). Analogously, we use G∩H to denote the
(di)graph with V (G∩H)=V (G)∩V (H) and E(G∩H)=E(G)∩E(H). Two (di)graphs
G and H are said to be disjoint if E(G ∩ H) = ∅.
In this paper we are concerned with the problem of the identiﬁcation of isomorphic
Cayley (di)graphs of nonisomorphic groups. Very interesting results about this problem in
particular cases are in [1,3,4].
2. Isomorphic Cayley graphs
Let R be a maximal inverse-free subset of ∗ := \{e}, and let (2) := { ∈  :
o() = 2} (where o() denote order of ), we deﬁne R := R ∪ (2).
Note that({})=({−1}). Hence ifH ⊂ ∗, then(H)=([H ]∩R). More exactly,
(H) =
⋃
h∈[H ]∩R
({h}). (1)
This union is obviously disjoint.
Proposition 2.1. Let G, H be (di)graphs such that G =⋃ni=1 Gi and H =⋃ni=1 Hi , with
E(Gi ∩ Gj) = E(Hi ∩ Hj) = ∅ for i = j . Let  : Gi −→ Hi be an isomorphism of
(di)graphs for all i ∈ {1, 2, . . . , n}. Then  : G −→ H is also an isomorphism.
Theorem 2.1. Let  :  −→  be a bijection such that for all h ∈ R there exist Kh ⊆ 
such that  is an isomorphism between the graphs ({h}) and (Kh), and the (Kh) are
pairwise disjoint, then every Cayley graph of  is isomorphic to a Cayley graph of .
Proof. LetH ⊂ ∗ andH ′ =[H ]∩R. From Eq. (1) we know that(H)=⋃h∈H ′({h}).
From hypothesis and Proposition 2.1 we obtain
⋃
h∈H ′
({h})
⋃
h∈H ′
(Kh). 
Proposition 2.2. If T is the group 〈a, b : a6=e, b2=a3=(ab)2〉 of order 12 andD6=〈s, t :
s6 = t2 = (ts)2 = e〉, the dihedral group of order 12, then every Cayley graph of the group
T is isomorphic to a Cayley graph of the group D6.
Proof. If  : T −→ D6 is a function such that (aibj ) = si tj , then for all t ∈ RT
this function is an isomorphism between the graphs T ({t}) and D6({(t), (t)−1}). From
Theorem 2.1 every Cayley graph of T is isomorphic to a Cayley graph of D6. 
J.G. Fernandes, R.E. Giudici /Discrete Mathematics 305 (2005) 361–364 363
3. Isomorphism between Z2k(H) and Dk(K)
We now prove that every Cayley graph on the cyclic group Z2k is isomorphic to a Cayley
graph on the dihedral group Dk . One way to prove this is to use the following old result of
Sabidussi [2,6]:
Theorem 3.1 (Sabidussi). Let X be a graph and  be a group. Aut(X) has a subgroup
isomorphic to  that acts regularly on V (X) if and only if X is isomorphic to a Cayley
graph on .
But we obtain an elementary proof by applying Theorem 2.1.
Theorem 3.2. Every Cayley graph on the cyclic group Z2k is isomorphic to a Cayley graph
on the dihedral group Dk .
Proof. We deﬁne the function  : Z2k −→ Dk by
() :=
{
s

2 if  even,
s
−1
2 t if  odd.
It is easy to prove that  be a bijection. If h ∈ RZ2k and −x + y = h, then, if x and
y are both even, or if x is even and y odd, then (x)−1(y) = (h). In the other cases
(x)−1(y) = (−h). Therefore  is an isomorphism between the graphs Z2k({h}) and
Dk({(h),(−h)}) for all h ∈ RZ2k . From Theorem 2.1 every Cayley graph of Z2k is
isomorphic to a Cayley graph of Dk . 
Remark 3.1. For Cayley digraphs the preceding theorem is false. In the next section we
consider this result for Cayley digraphs.
Theorem 3.3. The converse to Theorem 3.2 holds if and only if k ∈ {2, 3, 5}.
Proof. The idea is to prove that ifK={t, st, s3t} ⊆ Dk , k6, then there exists noH ⊆ Z2k
such that Z2k(H)Dk(K).
Suppose that there exists such anH. SinceZ2k(H)Dk(K), then |[H ]|=|[K]|=3. There-
fore H ={a, b} with o(a)=2k and o(b)=2, i.e. H ={a, k}. Now note that Dk({t, st, s3t})
has a C6, hence Z2k(H) must have a C6. Therefore there exist h1, . . . , h6 ∈ {a, k} such that∑6
i=1 hi = 0, hence there exist no, n1 ∈ N such that noa + n1k = 0 and no + n1 = 6, but
this is not possible if o(a)12.
It is easy to check that the converse of Theorem 3.2 holds precisely when
k ∈ {2, 3, 5}. 
Remark 3.2. The same work done with the function  in Theorem 3.2, can be carried out
with any of the following functions:
j () =
{
s

2 if  even,
s
−j
2 t if  odd.
j ∈ {1, 3, 5, . . . , 2k − 1}.
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4. Isomorphism between Z2k[H] and Dk[K]
If  is a group and H ⊆ ∗, then [H ] is a disjoint union [H ] =⋃h∈H [{h}]. From
this fact and Proposition 2.1 we can ﬁx a more general form to Theorem 2.1.
Theorem 4.1. Let  :  −→  be a bijection such that for all h ∈ H ⊆ ∗ there exist
Kh ⊆  such that  is an isomorphism between the digraphs [{h}] and [Kh], and the
[Kh] are pairwise disjoint. Then every Cayley digraph[H ′] with H ′ ⊆ H , is isomorphic
to a Cayley digraph of .
Theorem 4.2. Every Cayley digraph Z2k[H ],withH ⊆ {2}k−1=1, is isomorphic to a Cayley
digraph in Dk .
Proof. Consider the function  : Z2k −→ Dk such that
() =
{
s

2 if  even,
s
−−1
2 t if  odd.
This function is a bijection between Z2k and Dk . If  ∈ H and a, b ∈ Z2k are such
that a +  = b, we prove that (a)() = (b), and therefore (from Theorem 4.1) that
Z2k[H ]Dk[(H)].
If a and b are both even, then (a)() = sa/2 · s/2 = sb/2 = (b). If a and b are both
odd, then (a)() = s(−a−1)/2t · s/2 = s(−b−1)/2t = (b). 
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